Subradiance, i.e. the cooperative inhibition of spontaneous emission by destructive interatomic interference, can be realized in a cold atomic sample confined in a ring cavity and lightened by a two-frequency laser. The atoms, scattering the photons of the two laser fields into the cavity-mode, recoil and change their momentum. Under proper conditions the atomic initial momentum state and the first two momentum recoil states form a three-level degenerate cascade. A stationary subradiant state is obtained after that the scattered photons have left the cavity, leaving the atoms in a coherent superposition of the three collective momentum states. After a semiclassical description of the process, we calculate the quantum subradiant state and its Wigner function.
I. INTRODUCTION
Recent experiments with Bose-Einstein Condensates (BEC) driven by a far off-resonant laser beam have demonstrated collective Superradiant Rayleigh [1, 2, 3, 4] and Raman scattering [5, 6] , sharing strong analogies with the superradiant emission from excited twolevel atoms [7] . In these experiments an elongated BEC scatters the pump photons into the end-fire modes along the major dimensions of the condensate, acquiring a momentum multiple of the two-photon recoil momentum q, where q = k − k s and k and k s are the wave vectors of the pump and the scattered field. Theoretical works have shown that the Superradiant Rayleigh Scattering relies on the quantum collective atomic recoil (QCARL) gain mechanism, in which the fast escape of the emitted radiation from the active medium leads to the superradiant emission [8, 9, 10] . The quantum regime of CARL [11, 12] occurs when the two-photon recoil frequency ω r = q 2 /2m is larger than the gain bandwidth, such that the recoil frequency shifts the atoms out of resonance inhibiting further scattering processes. As a consequence in the QCARL each atom coherently scatters a single pump photon, changing momentum by q. The process in which the atoms make a transition between two momentum states ( p = 0 and p = q) has strong analogies with that of twolevel atoms prepared in the excited state and decaying to the lower state by spontaneous and stimulated emission. However, the incoherent spontaneous emission dominating the two-level atomic decay is absent in the momentum transition, where spontaneous emission is associated to momentum diffusion due to the scattering force, which can be made very small if the laser is sufficiently detuned from the atomic resonance. The absence of Doppler broadening and the long decoherence time of a BEC allows to observe superradiance and coherent spontaneous emission much more easily than from electronic transitions in excited atoms, in which the decay is dominated by the incoherent spontaneous emission.
Another example of cooperative phenomena from excited two-level atoms is subradiance, i.e. the cooperative inhibition of spontaneous emission by a destructive interatomic interference. This phenomenon, whose existence has been proposed by Dicke (1954) in the same article predicting superradiance [13] , has received less consideration than the more popular superradiance, also due to the difficulty of its experimental observation. In fact, the only experimental evidence has been done on 1985 by Pavolini et al. [14] . Among different schemes of multi-level systems in which subradiance was predicted, Crubellier et al., in a series of theoretical papers [15, 16, 17, 18 ], proposed a three-level degenerate cascade configuration in which cooperative spontaneous emission is expected to exhibit new and striking subradiance effects.
In this paper we show that subradiance in a three-level degenerate cascade can be realized in a BEC inserted in a ring cavity and lightened by two laser fields with frequency difference twice the two-photon recoil frequency, as illustrated by fig.1 . The frequency of the scattered photon is determined by energy and momentum conservation. The process consists in two steps. In the first step the atoms initially at rest scatter the laser photons of frequency ω into the cavity mode of frequency ω s = ω − ω r , changing momentum from 0 to p = q.
In the second step the atom scatters the laser photon of frequency ω + ∆ changing their momentum from p = q to p ′ = 2 q. Since the change of the kinetic energy of the atom is ∆E = (p ′ 2 − p 2 )/2m = 3 ω r , by energy conservation the frequency of the scattered photon is ω + ∆ − 3ω r which coincides with the frequency generated in the first step when ∆ = 2ω r . In this way a three-momentum-level degenerate cascade is realized in which the atoms, initially with momentum p = 0, change momentum to the intermediate value q
and then to the final value 2 q, emitting two degenerate photons of frequency ω s = ω − ω r .
In general the process, as described in ref. [19] , will continue with an other scattering of the photon of frequency ω + ∆ changing the atomic momentum from 2 q to 3 q with the emission of a photon of frequency ω + ∆ − 5ω r = ω − 3ω r and so on. However, if the cavity linewidth is much narrower than the frequency difference, κ ≪ 2ω r , these other frequencies will be damped out. Then, the oscillation of only the frequency ω s = ω − ω r in the cavity will restrict the momentum cascade to the three momentum states, 0, q and 2 q. A basic feature of this system is that the transition rates are proportional to the pump intensities, so that they can be varied with continuity. This makes the subradiance observation much easier than with a three-level cascade between electronic energy levels, where the transition rates are fixed by the branching ratios.
II. SEMICLASSICAL TREATMENT

A. General model
The quantum collective atomic recoil laser (QCARL) with a two-frequency pump is described by the following equations for the order parameter Ψ(z, t) of the matter field and the cavity mode field amplitude a(t) [19] :
where z is the coordinate along the cavity axis and α(t) = 1 + ǫ exp(−i∆t). These equations have been derived performing the adiabatic elimination of the atomic internal degrees of freedom [8] but replacing the pump field with E p = e i( k· x−ωt) E 0 + E 1 e −i∆t . In Eqs. (1) and of the atom along the polarization directionǫ of the laser, V , the cavity mode volume, N the total number of atoms in the condensate, δ = ω − ω s , and κ, the cavity linewidth. The emitted frequency ω s is within the cavity frequency linewidth, whereas the pump field is external to the cavity so that its frequencies are not dependent on the cavity ones. The order parameter Ψ of the matter field is normalized such that dz|Ψ| 2 = 1.
If the condensate is much longer than the radiation wavelength and approximately homogeneous, then periodic boundary conditions can be applied on the atomic sample and the order parameter can be written as Ψ(z, t) = n c n (t)u n (z)e −inδt , where u n (z) = (q/2π) 1/2 exp[in(qz)] are the momentum eigenstates with eigenvalues p z = n( q). Using this expansion, Eqs. (1) and (2) become:
where ω n = n(nω r − δ).
B. Three-level approximation
As as been discussed elsewhere [8, 20] , if the gain rate is smaller than the recoil frequency the atoms recoil only along the positive direction of q, absorbing a photon from the laser and emitting it into the cavity mode. Backward recoil, in which an atom absorbs a photon from the cavity mode and emits it into the laser mode, is inhibited by energy conservation. (3) and (4) reduce to:
Eqs. (5)- (8) contain fast oscillating terms. They can be eliminated introducing the slowly varying variablec 2 = c 2 exp(i∆t) and approximating Eqs. (5)- (8) neglecting the fast oscillat-ing terms proportional to exp(±i∆t). In this way Eqs. (5)- (8) reduce to:
Eqs. (9)- (12) describe the three-level degenerate cascade of the atoms driven by two laser fields at frequencies ω and ω + 2ω r , respectively, and interacting with the self-generated cavity mode at the frequency ω s = ω − ω r . Notice that the second transition rate, from m = 1 to m = 2, is proportional to the two pump amplitude ratio, ǫ.
C. Subradiance in three-level degenerate cascade
Asymptotically, in a time much longer than 1/κ, the photons leak the cavity and the total polarization in Eq. (12) vanishes:
On resonance (δ = ω r ) and with the atoms initially at rest (c 0 (0) = 1), the variables c 0 , c 1 , c 2 and a are real and Eqs. (9)- (12) keep invariant the following quantity:
From it we see that the atoms can not populate completely the final state m = 2 (with 
whereas for ǫ > 1/ √ 3, decreases to zero for 1/ √ 3 < ǫ < 1; then for ǫ > 1 it increases until it equals the population of the final state P 2 when ǫ = 1 + √ 2. For ǫ > 1 + √ 2 the population of the initial state, P 0 , is larger than that of the final state, P 2 . However, this case appears stationary only because the semiclassical model neglects spontaneous emission. The quantum treatment, reported in the next section, shows that the stationary subradiant state may exist only for
In order to illustrate how the system evolves toward the subradiance state, fig.3 shows the time evolution of the field |a| 2 ( fig.3a) , with initial condition c 0 (0) = 1, c i =0 (0) = 0 and a(0) = 0.01. The final populations are P 0 = 1/9 and P 1 = P 2 = 4/9, according to Eq. (15) . In order to test the dependence of the subradiance state on the frequency difference ∆ between the two pump fields, figure 4 shows the asymptotic coherence C 1,2 = |c 1 c * 2 | between the intermediate and the final states vs. ∆ for g = 0.01ω r , δ = ω r , ǫ = 1/2, κ = 0.003ω r (dashed blue line), κ = 0.006ω r (dashed-dot red line) and κ = 0.012ω r (continuous black line). The result shows that subradiance requires a very fine tuning of the pump frequency difference near 2ω r , within a precision δω ≪ g √ N .
As a second example, figs. 5 and 6 show that same case as in figs.3 and 4 but with
In this case P 1 = 0 and P 0 = P 2 = 1/2. We note that whereas in the case ǫ = 1/2 the resonance linewidth of fig.4 decreases when the cavity losses κ increases, on the contrary in the case ǫ = 1 + √ 2 the linewidth increases with κ and it is about a factor 100 larger. Hence the subradiance with ǫ = 1/2 is more sensible to the frequency mismatch than that with ǫ = 1 + √ 2. 
where |m, n, l = |m 0 |n 1 |l 2 and C p is a normalization constant. The index p is related to the population difference between the initial and final states, since N 0 − N 2 = 2p − N. The case p = 0 corresponds to the state |0, 0, N . The link between the subradiant state |sr p and the semiclassical solution (15) and (16) is provided by the correspondence between p and the population difference
. As particular cases, for ǫ = 1 + √ 2. Hence 1 + √ 2 is the maximum value of ǫ, giving the following subradiant state:
For large N, the average value of k is k = 1/4ǫ = ( √ 2 − 1)/4, with variance σ 2 k = k . From the state (18) and the correspondence between p and ǫ we may evaluate the average populations P i = N i /N, with i = 0, 1, 2, as a function of ǫ. The result is compared in fig.7 with the semiclassical solution (15) and (16) , for N = 32. We observe that the quantum solution has not a sharp transition at ǫ = 1/ √ 3 as the classical one, but there a tail which becomes negligible for N ≫ 1.
B. Wigner function
Here we show the Wigner function of the subradiance state |sr in order to get some more properties of the system. We start from the definition
where α i and ξ i are complex numbers and χ is the characteristic function defined as
whereD j (ξ j ) = exp(ξ jĉ † j − ξ * jĉ j ) is a displacement operator for the j-th mode. A straightforward calculation, reported in the Appendix B, yields
and
where
and L n (x) is the Laguerre polynomial. Notice that the Wigner function depends only on the modulus of α i and not from its phase. As expected, in general it is negative due to the presence of the Laguerre polynomials. By integrating over the other two mode variables, from Eq. (23) we obtain the single-mode Wigner functions:
In order to investigate the characteristics of the subradiance state, let's consider some specific
example. An interesting case is when ǫ = 1/2 and p = N/3, for which the semiclassical theory yields P 1 = P 2 = 4/9. Fig.8(a) shows the probability β k vs. k for N = 36 and p = 12.
The probability is maximum for k = 8, the average value is k = 7.14 and the standard deviation is σ k = 2.64. The single-mode Wigner functions W i = W (α i ) are shown in fig.8 fig.8(a) . The single-mode Wigner functions present a pronounced maximum around which they are positive, plus an oscillating quantum background.
As a second example we consider the case ǫ = 1 + √ 2, for which the semiclassical theory yields P 1 = 0 and P 0 = P 2 = 1/2. In the quantum model it corresponds to the maximally anti-symmetric state (19) with p = N/2. Fig.9(a) shows the probability β k vs. k for N = 36
and p = 18. The probability is maximum for k = 0 and decreases rapidly to zero for larger k, and (d), with a bi-dimensional regular mesh of positive and negative zones.
C. Atom statistics
We calculate now the equal-time intensity correlation and cross-correlation functions, defined respectively as:
with i = 0, 1, 2, i = j andN i =ĉ † iĉ i . For a classical field there is an upper limit to the second-order equal-time cross correlation function given by the Cauchy-Schwartz inequality
Quantum-mechanical fields, however, can violate this inequality and are instead constrained
which reduces to the classical results in the limit of large occupation numbers. We obtain the following expressions for the subradiant state:
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showing that g
ij (0) are consistent with the quantum inequality (34). Fig.14 shows the intensity correlation functions g (2) i (0) for i = 0, 1, 2, for the subradiance state (18) . We obtain that g 
0,1 is always consistent with the classical inequality, whereas g
0,2 and g 
0,2 is close to the upper limit of the quantum inequality (34).
IV. CONCLUSIONS
We have investigated a possible way to observe subradiance in a Bose-Einstein condensate in a high-finesse ring cavity, scattering photons from a two-frequency pump laser into a single-frequency cavity mode via the quantum collective atomic recoil lasing (QCARL) mechanism. Subradiance occurs in a degenerate cascade between three motional levels separated by the two-photon momentum recoil q, where q = k − k s is the momentum transfer between pump and cavity mode. The observation of subradiance in momentum transitions of cold atomic samples presents several advantages and differences with respect to the electronic transitions of excited two-level atoms. First, the momentum transitions are not affected by the spontaneous emission if the pump laser is sufficiently detuned from the atomic resonance. Second, the atomic condensates have a long life and a very long coherence time, allowing the preparation and the further manipulation of the subradiant state. Third, the subradiance is realized among collective motional states containing a large number of atoms. Subradiance as well superradiance do not need that the dimension of the sample is smaller than the radiation wavelength, as in superradiance by excited atoms.
For these reasons, subradiance between motional states of ultracold atoms may be important for the study of the decoherence-free subspaces sought in quantum information [22] .
Other recent proposals of realizing subradiance in matter wave require a very fine control of single atoms in optical cavities [23] , which can be very problematic experimentally. On the other hand, the experimental activity on Superradiant Rayleigh scattering and CARL with Bose-Einstein condensates [1, 24] has achieved important progresses and a subradiance experiment with BEC in a ring cavity could be feasible with the present day techniques.
At ultracold temperature and with a coupling constant g √ N much less than the recoil frequency ω r should be possible, using two laser fields with frequency difference 2ω r , to restrict the momentum transition to only the first two recoil momentum states. Recent experiments on superradiant scattering from a BEC pumped by a two-frequency laser beam [25, 26] 
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the two pump laser beams should be possible to probe the transition from superradiance to subradiance. As an example of possible parameters, subradiance could be observed in a ring cavity similar to that realized in Tübingen [27] (with length L = 87mm, beam waist w = 100 µm and finesse F = 5 × 10 5 , about 5 times the presently achieved value) with f (n 0 , n 2 )|n 0 , n 1 , n 2 where the second sum is over all the pairs (n 0 , n 2 ) such that n 0 + n 2 = N − n 1 . When substituted in (17) , it yields N −1 n 1 =0 (n 0 ,n 2 ) , n 0 =0 n 0 +n 2 =N −n 1 f (n 0 , n 2 ) n 0 (n 1 + 1)|n 0 − 1, n 1 + 1, n 2 + ǫ N n 1 =1 (n 0 ,n 2 ) , n 2 =N n 0 +n 2 =N −n 1 f (n 0 , n 2 ) n 1 (n 2 + 1)|n 0 , n 1 − 1, n 2 + 1 = 0.
After having redefined the indexes n 1 and n 2 in the sums, it becomes
n 0 =N f (n 0 + 1, n 2 ) (n 0 + 1)n 1 + ǫ
f (n 0 , n 2 − 1) (n 1 + 1)n 2
The terms in the curl bracket of Eq. (A2) vanish when the following conditions are met:
1. In the second sum on n 1 in the curl bracket the term with n 1 = N is missing: since in the first sum n 0 = n 2 = 0 when n 1 = N, it yields f (1, 0) = 0.
2. In the first sum on n 1 in the curl bracket the term with n 1 = 0 is missing: then the second sum on n 1 with n 1 = 0, n 2 = N − n 0 and n 2 = 0 yields f (n 0 , N − n 0 − 1) = 0 , n 0 = 0 . . . , N − 1.
3. The remaining sum in (A2) yields:
(n 0 ,n 2 ) n 0 +n 2 =N −n 1 f (n 0 + 1, n 2 ) (n 0 + 1)n 1 + ǫ (n 0 ,n 2 ) , n 2 =0 n 0 +n 2 =N −n 1 f (n 0 , n 2 − 1) (n 1 + 1)n 2 = 0,
with n 1 = 1, . . . , N − 1. In the second sum of Eq.(A2) the term n 2 = 0 is missing, so in the first sum the term with n 2 = 0 and n 0 = N − n 1 vanishes and yields f 
From (B6), (B7) and (B9) we obtain the expressions (25)- (27) and (28)-(30) of the one-mode and two-mode reduced Wigner functions, respectively.
